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Kuacudikallit HeEOOXiHUX YMOB 301KHOCTI 
B TeOpil UHCIOBUX PAB 


The paper suggests three types of the necessary tests for the convergence of numerical series with positive 
terms. It is shown that these tests are consequences of the limit test of comparison with respect to the 
standard series: harmonic and logarithmic ones. The new tests have different capabilities and can be applied 
to almost any series, whose terms form a monotone sequence. The obtained necessary tests for the 


convergence of numerical series have more opportunities, than the accepted standard one lim u,, = 0. 
nyo 


Keywords: limit, L’ Hospital’s rule, series, convergence, divergence, test of comparison of series, 
harmonic series, logarithmic series and geometric progression series. 


B paOote npezIoxKeHbI Tp Ba HeOOXOZMMBIX MPH3HAKOB CXOJMMOCTH YMCIOBBIX PATOB C MOMOKMTEIbHbIMH 
qeHaMu. [loKa3aHo, 4YTO 3TH TIPH3HAKH ABJIAIOTCA CIeCTBHAMM TIPHMeHeHHA MpeyesIbHOrO IpH3HaKa CpaBHeHHA 
K CTaHJapTHbIM pajlaM: rapMOHHyeckomy Hi Jlorapudpmueckomy. Hossie mpu3dakKH CXOAMMOCTH MMEerOT pa3JIM4HBIe 
BO3MOXKHOCTH HM MOLyT MIPHMCHATECA TIpaKTH4eCKH K JIOOBIM pAZaM, WICHbI KOTOPbIX OOpa3ylOT MOHOTOHHYIO 
nlocyleqoBaTembHocTb. TlomyyeHHble NpH3HakKH MMerOT OONee WMpOKHe BO3MOXKHOCTH, 4eM CTaHapTHbIit 


HeoOxOAHMBIM Ipv3Hak CxoqMMocTH panos lim u, = 0. 
n>o 


K.uovesbie c10Ba: peyen, npaBuso Jlonutaia, CXOMMOCTb, pacXOAHMOCTb, Mpv3HakK CpaBHeHHa 
p120B, rapMOHMYecKHH pad, JorapHpMu4ecKHH pA, pay, TeoMeTpHyeckoH Mporpeccuu. 


Y poOdoTi 3amponoHoBaHi TpH BUH HeoOXiqHuXx O3HAaK 30DKHOCTI YHCIOBUX pPATiB 3 DOLAaTHUMU 4IeHaMH. 
Tloka3aHo, IO Ii O3HaKH € HacJKaMH 3aCTOCyBaHHA TpaHv4HOrO O3HAaKH MOpiBHAHHA 31 CTaHAapTHMMH payaMus: 
TapMOHI4HUM Ta JorapudMivHuM. Hopi o3Hak 30DKHOCTI MarOTb pi3Hi MOXKJIMBOCTI 1 MOXKYTb 3ACTOCOBYBaTHCA 
TIpakKTW4HO WO OyTb-AKUX pATaXx, WICHH AKUX YTBOPIOIOTb MOHOTOHHY MOcIIAOBHICTb. OTpHMaHi O3HAKM MarOTb 


OiTbIT WIMpoKi MoxkKIMBOCTI, HK CTaHTapTHa HeoOxigHa o3Haka 30iKHOcTI pazis lim u,, = 0. 
nyo 


K.no4osi c10Ba: pans, mpaBusio Jlomitaia, 30DKHICTb, pO3ODKHICTb, O3HaKa NOPIBHAHHA PAB, 
rapMOHI4HHH pad, JorapHpMiyHHi pad, pay reomeTpuHyHoi uporpecil. 
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Introduction 


The necessary tests for the convergence of series play an important practical role in 
the evaluation of the convergence and divergence of numerical series with non-negative 
terms. It is believed that they are negative, because they can only define the divergence of 
the series. If the necessary tests are violated, we can definitely affirm the divergence of the 
series. If they are satisfied, the question of convergence can be finally resolved only by 
sufficient tests for the convergence of series [1]. First of all, these are tests of comparison 
with the standard series, such as the series of geometric progression, generalized harmonic 
series and generalized logarithmic series [2]. 

In the theory of the numerical series the test of comparison of series with positive 
terms commonly used in two forms - in the finite form and in the limit form [3]. In the first 
case, the two series are compared. The first series is 


Uns Uy 20 (1) 
and the second series is ae v,, v, 20. If there is a number VM >0 such that, starting from a 
certain number JN , the inequality w, < _M-v, takes place and the series ys v,, converges, then 


. ~o . . « . . « 
the series > s u,, converges too. But if the series > s diverges, then the series yoy 


diverges also. [1] 
In the limit test of comparison the expression limw, /v, is considered. If the series 


ye v, > Oconverges, and the limit value is equal to C<oo orC =0, then the series 
ae u, converges also. If the series Das v, diverges, and the size of the limit is equal to 


C #0 orC =~ , then the series u, diverges also [3], [4]. 


The series of comparison is usually taken from the three standard series: the harmonic 
one with the general termv, =1/n, the generalized harmonic one with the general term 


v, =1/n“ and the series of geometric progression with the general termv, = q" . 


1 The Necessary Test for the Convergence of Series 
in the Classical Approach 


Theorem. If the series (1) ae: 


the series is zero 


u, = 0 converges, then the limit of the general term of 


n? 


lim wu, =0. (2) 


nao 
Proof. If the series (1) converges, then there is a finite limit of the sequence of partial 


sums s, = es u,,, Where lim s, = s. The same limit is the limit of the sequence of partial 
n= 00 


sums {S,_,}, where lim, =s. Then we have lim u, = lim (s, —S,)=s—s=0. 
— 00 noo nao 
n? 


Consequence. The series nse u, 2 O diverges at lim u,, #0. 
" nyo 


Remark. The condition lim w,, =0 is not the sufficient condition for the convergence 


nvao 
of series (1), so it is usually used to establish the divergence of the series. 
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Examples. 


n-l 1 


_win-l ,. ; 
1. The series diverges, since lim 
n+ 


A noon+l] 2 


2. The series )’ 


a is given. The necessary test (2) of convergence is perfor- 
n=l (2n + 1) 


: . -] : ; 
med, since lim s, 2 =0, but the conclusion about the convergence of the series cannot 
n->o nt+ 


be done. It is necessary to use any sufficient test of convergence. 


3. The series a : 
si (2n +1)" In(n +1) 


is given. The necessary test (2) of convergence is 


performed, since tia — 
n> (2n+1) In(n+1) 


the convergence of the series cannot be done. 


=(. As in the previous example, the conclusion about 


2 The Necessary Test for the Convergence of Series 
Compared with Divergent Series 


1. The necessary test of convergence of the series in comparison with the harmonic 
series. Let us write the limit test of comparison of any arbitrary series (1) with respect to 


© ety tide sal 
the harmonic series )’ V,> »v, =l/n: lim =lim—* =limn-y, . 


_1’n? 9 
n=l noo y n> 1 n n> 
n 


Consider all the possible values of this limit. 


(oe) 
lim“ =limn-u, =4C #0 (3) 
nro y no 
" 0 


It is known that the harmonic series diverges. If this limit is equal to oorC #0, then 
the series (1) diverges. If the limit is equal to 0, then the series (1) either converges or 
diverges. So the test of comparison of series in the limit form works. Let us change the 
statement of the problem. Now assume that the series (1) converges. Then the first two 
values of the limit (3) «orC # Oare not possible, because they disagree to the assumption 
that the series (1) converges. So remains only the third option, which is equal to zero. This 
case should be understood as the necessary test for convergence of the series (1). 

limn-u, =0. (4) 


Thus, it has been established from the limit comparison test with respect to the 
harmonic series, that the new necessary test for the convergence of the series in the form 
(4) is much "stronger" than the standard one in the form (2). 


Examples. 
2. The series orp? is given. The necessary test for the convergence of the series in 
mal (2n+ 
: : =] 1 ee tas 
the form (4) is not performed, since limn-———— = —. Hence the series diverges. Above 


noo (2n+ly 4 
in Example 2, when the necessary test (2) was applied to the same series, the conclusion of 
convergence of the series was impossible. 
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3. The series >: anal 


———..——~ is given. The necessary test for the convergence of 
oy (2n +1) In(n +1) 


od : : : n-1 Q 
the series in the form (4) is performed, since limn =0, but the conclusion 


ne (2n+1) In(n41) 
of the convergence of this series cannot be done. 
Remark. The necessary test (4) works only for series, whose terms form a monotone 
sequence, i.e. uw, >u,,,,. Otherwise the limit (4) may not exist. For example, in the series 
Bs : 1/m at n=m 
ae u,, with the general term w,, = | 3 the terms u, do not form a monotone 
0 at n#m 
sequence. For this series the limit (4) does not exist. 
4. The necessary test of convergence of the series in comparison with the 
logarithmic series. Let us write the limit test of comparison of any arbitrary series (1) with 


respect to the logarithmic series a v,. »v, =l/ninn: 


=} n? ? 


lim“ = lim —“"— = limnInn-u,. (5) 
noy nol/ninn 2 


Repeat the same reasoning as for the harmonic series. It is known that this logarithmic 

series diverges. Suppose that the series (1) converges. The values «0 or C #0 of the limit (5) 

are not possible, since they contradict to the assumption of convergence of the series (1). 

Remains only one option - the limit (5) is zero. The latter case is to be understood as the 
necessary test for the convergence of the series (1): 

limn-Inn-u, =0. (6) 


no 
Thus, from the limit comparison test of series was established the second new necessary 
test for the convergence of series in the form (6), which is “stronger”, than test (4). 
Example. 


5. The series »: a) 


———...——~ is given. The necessary test for the convergence of 
a (2n +1)" In(n +1) 


—l 1 
is =—. Hence the 
(2n+1) In(n+1) 4 


series diverges. Above, in Examples 2 and 5, the necessary tests (2) and (4) were applied, 
but the conclusion of the convergence of series could not be done. 


the series in the form (6) is not performed, since limnInn 
n>o 


3 The Other Representations of Necessary Tests 
for Convergence Of Series 


; o | 
Let us designate the series (1) thus >" _——, =1/u,. Then the first necessary test 
n= Ww, 
for the convergence of the series (2) will be: 
fine 50 ; limw, =o. (7) 
nono W,, nao 


So the second necessary test for convergence of series (4) will be lim— =0. From 
no Ww, 
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the necessary test (2) it follows w, — 0. Therefore, there is indeterminacy {20/00}, which 


will be disclosed by L’ Hospital’s rule lim— = lim = ieee As a result, we came to 


NO Ww no w' nao w 
n n n 


the modification of the second necessary test for convergence of series in the form: 


lim =0 um limw' =o. (8) 


no Ww nao 
n 


ninn 


The third necessary test for convergence of series (4) will be lim = 0. From the 


n 


necessary test (2) it followsw, +o .Then there is indeterminacy {0/0}, which can be 


_ ni stay eee MAY lak toe BAUR = ¢. cithe od 
disclosed by L’ Hospital’s rule fim” = jimnlim ( ) = lim n lim —— = lim— =0. Asa 
nao W,, nwo nao W,, nao n7o nw,, n7ao W,, 


result it is obtained that the third modified necessary test for convergence of series coin- 
cides with the second modified necessary test for convergence of series (8). However, this 
third necessary test for convergence of series can be expressed via the second derivative: 


£ 

._ninn_,. ae ae _ 1. Inn, (Inn). 1 
lim —— = lim Inn lim — = lim Inn lim — = lim — = lim+— = lim —— 
no yp n>o n>o w n> n> w’ n>o w n>o w no nw" 
n n n n n n 


As a result we came to the modification of the third necessary test for convergence of 


8 eek ail : 
series in the form: lim—— =0 orlimnw* =a. 
n>o nw’ nro 


The obtained results can be tabulated (Table). 


Table 1 — Classification of the necessary conditions for convergence of series 
with positive terms 


A comparison Necessary test Other forms of necessary test Necessary test 
eee > iy opportunities 
n=] 7 n=l n 
> 1 limu, =0 lim w, = light 
n=l no n>o 
Harmonic series linnu. =0 1 : 
a no” lim—=0 unan limw’, = medium 
1l/n n> yy)" no 
n=1 n 
Logarithmic series | limnInn-u. =0 | 
é no i lim— =0 nan limn— =0 strong 
» 1/ninn ney! ne ny" 
n= 


In Table 1 the notions light, medium, strong are relative because intermediate 
variants and the expansion of the table to the strongest notation are possible. For example, 
the logarithmic series of the second order creates stronger necessary test for the conver- 
gence of series limn-Inn-(InInn)-u, =0, than limn-Inn-u, =0. 


nro n>o 
Summarizing the results of this paper, it is possible to formulate the theorem on the 
necessary condition for the convergence of numerical series with positive terms. 


. ao ao < 
u,, u, 20, u : V2 Vv 
Theorem. If the series , 20, u, >U,,, converges, and ,>0 is an 


n=] 2? n=] 2? 
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arbitrary divergent series, then the condition lim “" =0 is the necessary condition for the 


no Vv, 
convergence of the initial series > eae 
be 


If the general term of the series v, to take equal tol,1/norl/nInn it will give us the 
necessary conditions for the convergence of the series presented in the table (Table 1). 


Findings 


This paper describes three types of the necessary tests of convergence of numerical 
series with positive terms. Thus 

1. It is shown that these tests are the consequences of the application of the limit test 
of comparison to the standard series: geometric, harmonic and logarithmic ones. 

2. These new necessary tests of the convergence of numerical series have different 
capabilities and can be applied to almost any series with positive terms, whose terms form 
a monotone sequence. 

3. The obtained necessary tests have more opportunities than the accepted standard 
necessary test of convergence of numerical series (2). 

4. It is shown that the necessary test for the convergence of numerical series in the 
standard form limw, =0 can be successfully replaced by more powerful new necessary tests 


nao 


for the convergence of numerical series, which are the next:limnu, =0, limnInn-u, =0, 


no nyo 


limn-Inn-(InInn)-u, =0 ete. 


5. These results can be transferred to the improper integrals. 
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